Introduction
Pseudo-random sequences have found extensive applications in cryptography and digital communication systems. Recently a novel application of pseudo-random sequences in LDPC (low-density parity-check) coding system has been proposed in [1] . In these systems, the performance depends upon correlational properties of the sequences. Moreover, from the view point of complexity, pseudorandom sequences appropriate for application in such systems are supposed to fulfill the property of full-length or maximal-period.
A LFSR (linear feedback shift register) has been widely used to generate full-length sequences. On the other hand, all the following full-length sequences can be generated by NFSR (nonlinear feedback shift register) but not by LFSR. In view of randomness in chaotic dynamics of one-dimensional ergodic transformations, sequences based on discretized Bernoulli transformations were proposed in [2] and [3] . The latter sequences have a great advantage in terms of their family size. For instance, for binary sequences of length 2 n (n ≥ 1), while the total number ϕ(2 n − 1)/n of the former sequences is less than 2 n /n, where ϕ is called the Euler function, the total number of the celebrated de Bruijn sequences is known to be 2
Motivated by the sequences proposed in [2] and [3] , we generally defined discretized Markov transformations and found an algorithm to give the total number of full-length sequences based on discretized Markov transformations in [4] . The discretized Markov transformations, which can be regarded as examples of ultradiscrete dynamical systems [5] , are permutations of subintervals in Markov partitions determined from the underlying transformations. From this viewpoint, de Bruijn sequences are merely special examples of full-length sequences in the discretized Markov transformations.
In [6] , we defined the piecewise-monotone-increasing Markov transformations and gave the bounded monotone truth-table algorithm for generating all full-length sequences which are based on the discretized piecewise-monotone-increasing Markov transformations.
In light of the results [6] , we can freely construct all full-length sequences, including all de Bruijn sequences, which are based on the discretized piecewise-monotone-increasing Markov transformations. Unfortunately, however, we know little of the statistical properties of full-length sequences which are based on the discretized transformations.
With the help of linearity, the algebraic structure of LFSR enables us to evaluate the correlational properties of full-length sequences based on the LFSR. On the other hand, because of the nature of nonlinearity, it is intractable to characterize the correlational properties of full-length sequences based on the discretized piecewise-monotone-increasing Markov transformations. Even for de Bruijn sequences, only bounds of the maximum values of the normalized auto-correlation functions have been known [7] .
The problem of finding a family of good full-length sequences in terms of the correlational properties is not only mathematically challenging but also practically important as pointed out in the beginning of the Introduction. As the first step, we focus on a fundamental example of such full-length sequences, namely the de Bruijn sequences.
In the previous research [8] , we have provided a novel lower bound of the minimum values of the normalized auto-correlation functions for de Bruijn sequences of length 2 n (n ≥ 3). The lower bound is tight in the sense that the equality holds for n = 3 and n = 4. In this research, we consider the worst cases of the normalized cross-correlation values of the de Bruijn sequences. The cross-correlation properties of full-length sequences are at least as important as the auto-correlation properties in the systems where the sequences are used. This report is composed of five sections. Considering the bounds of the normalized cross-correlation values of the de Bruijn sequences, we immediately observe that the worst cases of the normalized cross-correlation functions for pairs of de Bruijn sequences are characterized by the normalized autocorrelation functions for sequences of the worst pairs. In order to designate such worst cases in advance, we discuss enumeration of the total number of distinct auto-correlation functions for the set of de Bruijn sequences of length 2 n (n ≥ 4). In Sect. 2, we introduce the reverse of sequence to study this enumeration problem. Then we give a general formula for the normalized auto-correlation function for a sequence to be invariant under permutations of the sequence. In the previous research closely related to the reverse of sequences, it was pointed out in [9] that for n = 5, there exist CR (complement reverse) sequences in the de Bruijn sequences of length 2 n . Naturally the following problem was posed by Fredricksen in [9] : Show that there exists a CR sequence whenever n (≥ 3) is odd. This problem has often been discussed. For instance, in [10] , a characterization of CR sequences were presented. In Sect. 3, we partially solve the Fredricksen's problem. For the case that p is a prime number, we construct the set of CR graphs, which yields all CR sequences. In Sect. 4, we obtain upper bounds of the total number of distinct auto-correlation functions for the set of de Bruijn sequences of length 2 n in the case that n (≥ 4) is even; and the case that n = 2p + 1, where p is any prime number. The report concludes with the summary in Sect. 5.
Preliminaries
The correlation functions for sequences are measures of the similarity, or relatedness, between two sequences. Mathematically they are defined as follows.
Definition 1
The cross-correlation function of time delay for the sequences X = (X i ) 
If X = Y , we call R N ( ; X, X) and r N ( ; X, X) the auto-correlation function and the normalized auto-correlation function, and simply denote them by R N ( ; X) and r N ( ; X), respectively.
In this study, we are concerned with correlational properties of the de Bruijn sequences. As we see below, a de Bruijn sequence is usually defined as a sequence over {0, 1} while the correlation functions are defined for a sequence over {−1, 1}. Throughout this report, when we compute the values of the normalized cross-correlation functions r N ( ; X, Y ) for de Bruijn sequences X and Y , we regard 0 in the de Bruijn sequences as −1. In other words, we transform de Bruijn sequence X and Y of length N over {0, 1} to sequences of length N over {−1, 1} by one-to-one correspondence between 0 and −1, respectively.
To treat a time-reversal of sequences, we introduce
In Sect. 4, we discuss enumeration of the total number of distinct auto-correlation functions for the set of de Bruijn sequences of length N = 2 n (n ≥ 4). To study this enumeration problem, we N such that Y = P (X). Thus, given X ∈ T , what we have to do is to specify permutation transformations P which satisfy the condition R N ( ; X) = R N ( ; P (X)) for all = 0, 1, · · · , N − 1.
Since R N (0; X, Y ) is nothing but an inner product of X and Y in a vector space V = R N , denoting R N (0; X, Y ) simply by (X, Y ), we consider an inner product space (V, ( , )). The transformation S :
In this general setting, we obtain
Lemma 1 For any X ∈ V, (P (X), S(P (X))) = (X, S(X)) if and only if there exists
where P r is the permutation transformation which converts X into the reverse r X, namely P r (X) = r X.
Proof : The sufficiency is obvious. We shall prove the necessity. Suppose (P (X), S(P (X))) = (X, S(X)) for X ∈ V. We use σ to denote the permutation of the index set {0, 1, · · · , N − 1} associated with P , which is defined by
Thus we obtain
Since X ∈ V is arbitrarily chosen, (1) holds if and and only if, for each
completes the proof.
We shall use the following direct consequence of Lemma 1.
Corollary 1 For any
In order to study the above-mentioned enumeration problem, we also need to consider a multiplication of X ∈ V by scalars c ∈ R. Immediately we see
Observation 1 For X ∈ V and c ∈ R, (cX, S(cX)) = (X, S(X)) if and only if c = ±1.
In this research, the focus is on the de Bruijn sequences, which are typical examples of full-length sequences in the discretized Markov transformations as stated in the Introduction. The de Bruijn sequences can be defined in terms of the discretized Markov transformations [4] . However, we here simply define them irrespective of the discretized Markov transformations as follows.
A binary word is a finite binary sequence. A word of length k is called a k-word. A (binary) cycle of length k is a sequence of binary k-word a 1 a 2 · · · a k taken in a circular order. In the cycle a 1 a 2 · · · a k , a 1 follows a k , and
i=0 are said to be equivalent, in symbols X Y , if X and Y are the same cycle.
A (binary) complete cycle of length 2 n is a cycle of binary 2 n -words, such that the 2 n possible ordered sequences of binary n-words of that cycle are all different. Any binary n-word occurs exactly once in the complete cycle.
Example 1
We give examples of complete cycles of length 2 n :
Because of the following theorem, the complete cycles are sometimes called de Bruijn sequences. 
A construction of all CR sequences in the de Bruijn sequences
For a ∈ {0, 1}, we use a to denote the binary complement of a, i.e. 0 = 1 and 1 = 0. To simplify notations, we write N = 2 n (n ≥ 1).
Noting the complement X of X over {0, 1} corresponds to the scalar multiplication −Y of Y over {−1, 1}, Observation 1 readily leads to Remark 1 Let X be a de Bruijn sequence of length 2 n , then
Together with a general formula for r N ( ; X) in Lemma 1, taking account of the equivalence relation which arises from the cycle, for a de Bruijn sequence X of length 2 n , we obtain
Now we turn to consider cross-correlation functions of de Bruijn sequences. By Theorem 1, the cross-correlation functions of de Bruijn sequences of length 2 n can be defined for n ≥ 3. As mentioned in the Introduction, for de Bruijn sequences, the bounds of auto-correlation functions were already clarified in [8] . The following general bounds of cross-correlation functions of de Bruijn sequences were obtained in [7] . We start with this result.
Theorem 2 (Zhang and Chen [7] ) If X and Y are distinct de Bruijn sequences of length 2 n (n ≥ 3), then
The equality on the left-hand side holds if and only if Y = X and = 0.
The conditions that the equality holds for the lower bound in Theorem 2 characterize the worst pair of de Bruijn sequences in terms of the cross-correlation functions and the worst case of the crosscorrelation functions for the pairs. Based on the conditions, we refer to the pairs (X, X) of de Bruijn sequences as the worst pairs. Thus, from (2), we can generally obtain Observation 2 Let X be a de Bruijn sequence of length 2 n (n ≥ 3), then r N ( ; X, X) = r N ( ; X, X) = r N ( ; r X, r X) = r N ( ; r X, r X)
Taking this observation into account, Theorem 2 implies that the worst cases of the normalized cross-correlation functions for pairs of de Bruijn sequences are characterized by the normalized autocorrelation functions for sequences of the worst pairs.
Our goal is to construct a good family of de Bruijn sequences in terms of the correlational properties. To this end, it is preferable to know in advance the total number of distinct auto-correlation functions for the set of de Bruijn sequences of length 2 n (n ≥ 1). By virtue of Theorem 1, we have 2
Bruijn sequences of length 2 n . Thus, for each n ≥ 1, we have 2
definition. In view of (2), we study the relations among X, r X, X, and r X.
Previous results
We again set N = 2
i=0 be a de Bruijn sequence of length 2 n . We summarize the known results which are closely related to this research as follows.
Observation 3 (Fredricksen [9])
Since X is a complete cycle, X = (X i )
i=0 is also a complete cycle, i.e. a de Bruijn sequence. Similarly, r X is a de Bruijn sequence as well.
Lemma 2 (Chan, Games, and Key [13]) For n ≥ 3, X X.
Lemma 3 (Etzion and Lempel [10])
For n ≥ 3, X r X.
By the definitions, r ( r X) = X, (X) = X, and r X = r X. If X r X or equivalently X r X, then X is called CR (complement reverse) sequence. By the definition, if X is a CR sequence, so are X and r X.
Lemma 4 (Fredricksen [9])
For even n ≥ 4, X r X.
On the other hand, it was pointed out in [9] that for n = 5, X r X occurs. In fact, 32 pairs of CR sequences exit for n = 5. An example of such CR sequences is given:
Example 2 (Fredricksen [9] ) X = 11111001000101011101100000110100 has X r X.
Naturally the following problem was posed by Fredricksen in [9] : Show that there exists a CR sequence whenever n (≥ 3) is odd. This problem has often been discussed. Particularly, in [10] , a characterization of CR sequences were presented. For words u and v, we use uv to denote a concatenation of u and v. Unfortunately, however, to the best of the author's knowledge, the above Fredricksen's problem is still open. In this research, we solve this problem.
Lemma 5 (Etzion and

Construction of CR graphs
Let G n = (V n , A n ) be the de Bruijn graph with the set V n = {0, 1} n−1 of vertexes and the set A n = {0, 1} n of arcs. In order to solve the Fredricksen's question, we construct Eulerian graphs associated with the de Bruijn graph for odd n (≥ 3). The resulting Eulerian graphs are called CR graphs since Eulerian circuits in the obtained graphs yield CR sequences in the de Bruijn sequences of length 2 n . Besides, the set of CR graphs supplies all CR sequences in the de Bruijn sequence.
We set n = 2m+1 (m ≥ 1). Since n−1 = 2m is even, in view of Lemma 5, the set V 2m+1 = {0, 1} 
Thus we number all the elements in V CR n :
Using the notion of CR vertex, we obtain a refinement of Lemma 5 as follows, which plays crucially important roles in constructions of CR sequences.
Lemma 6 Let X
r ww be a CR sequence in the de Bruijn sequence of length 2 2m+1 , where
Moreover, the unique v occurs in X twice in the form of 0v1 and 1v0 while the other CR vertices u ∈ V CR 2m+1 occurs only once in w in the form of 1u1 or 0u0. To proceed constructions of CR graphs, we introduce Using this, we divide V n into three disjoint subsets 
holds, we will see H v (i) and H v (j) with i + j = 2 m are graph isomorphic.
First we construct a directed graph G 0 n associated with the de Bruijn graph G n as follows. We set W n = {λ} ∪ V n \ V + n . For two vertices of the forms u = a 1 a 2 · · · a n−1 and v = a 2 a 3 · · · a n in W n , the binary n-word a 1 a 2 · · · a n is defined as an arc from u to v. The obtained subgraph of G n is not Eulerian since two types of arcs in G n are not presented: u1 where u ∈ V 0 n is in the form of u = 0v; and 1u where u ∈ V 0 n is in the form of u = v0. Except these two types, for w ∈ W n \ {λ}, all arcs 0w, 1w, w0, and w1 in G n are furnished in the resulting subgraph. In order to make the subgraph Eulerian, corresponding these two types of absent arcs, we add arcs from or to λ as follows. Corresponding all such arcs each in G n : u1 where u = 0v ∈ V 0 n ; and 1u where u = v0 ∈ V 0 n , we add an arc uλ from u to λ for every u = 0v ∈ V 0 n ; and an arc λu from λ to u for every u = v0 ∈ V 0 n . Thus we obtain a connected graph, which we denote it by G 0 n . By the above construction, λ has equal in-degree and out-degree, which is For integers a and b, if a is a divisor of b, we write a|b. We use [x] to denote the greatest integer not exceeding x. We use again S to denote the shift transformation on {0, 1} 2m as above, i.e.,
2m .
Definition 4 For
with k ≥ 2 are called the neutral vertices, where k|m and
n . Such vertices in V 
, where i(k) is as in Definition 4. Then we add an arc from λ to v (i(k)) and label it as λv (i(k)) while we add an arc from v (i(k)) to λ labeled as v (i(k)) λ. Thus we obtain a connected graph with the vertex set {λ} ∪ (V ) has equal in-degree and out-degree, which is one. Hence the resulting directed graph G − n is Eulerian. We call it the prototype of CR graphs. Now we are in a position to construct CR graphs by modifying the directed graph G − n . In what follows, we suppose m (≥ 2) is a prime number. In order to indicate this assumption, we replace m by p in the rest of this research. We note here that, under this assumption, we obtain
First, we replace the vertex λ and its all four arcs labeled λv
, then we add a loop, an arc from
, are already provided in the graph in construction.
, then we split both neutral vertices v (i(p)) and v (i(p)) in V CR, ν n each into two vertices similarly as in the above diagram, which leads to
each into two vertices as in the following diagram: 
Since both ∂Φ and Φ are one-to-one and onto, (∂Φ, Φ) :
Construction of all CR sequences
In [6] , we gave the bounded monotone truth-table algorithm for generating all full-length sequences which are based on the discretized piecewise-monotone-increasing Markov transformations. The algorithm is efficient in the sense that it guarantees to generate all full-length sequences without computing their total number. The algorithm proposed in [6] is applicable to generation of all de Bruijn sequences. Unfortunately, however, we might not apply this algorithm to generation of all CR sequences based on the CR graphs since we could not find in the CR graphs the expanded cycles defined in [6] , which plays a vital role in the algorithm. Currently we need to compute the total number of the CR sequences.
In order to compute the total number of CR sequences in the de Bruijn sequences of length 2 2p+1 , we first review the matrix tree theorem.
Let G be a directed graph with vertices v 1 , v 2 , · · · , v M , and with t ij arcs leading from In view of Theorem 4 in conjunction with the matrix tree theorem, in order to obtain all the Eulerian circuit in H v (i) , what we have to do is to find all minimum spanning tree for H v (i) . For such purposes, a wide variety of algorithms has been proposed. For instance, Kruskal's algorithm is a well-known algorithm, which is a greedy algorithm for finding a minimum spanning tree for a connected weighted graph [16] .
Henceforth we may suppose that, once given a CR graph H v (i) , we obtain all Δ We immediately obtain a simple lower bound:
Remark 2
In the following example, to simplify notations, we omit the superscript + from v (i(p))+ . Figure 1 shows the prototype of CR graphs for p = 2. Figures 2 and 3 show the CR graphs associated with 1100 and with 1010 respectively. By these two CR graphs, simple computations lead to Δ (1100) = 12 and Δ (1010) = 4. Thus the number of CR sequences in the de Bruijn sequences of length 2 5 is 64 which confirm the experimental observation in [9] .
Example 3
On enumeration of auto-correlation functions of de Bruijn sequences
Based on the results obtained above together with the previous results, we discuss enumeration of the total number of distinct auto-correlation functions for the set of de Bruijn sequences of length 2 n (n ≥ 4) in this section.
We have already introduced the equivalence relation which arises from the cycle in the set of de Bruijn sequences at the end of Sect. 2. Let T n be the quotient set by of the set of de Bruijn sequences of length 2 n (n ≥ 4). We introduce other equivalence relation ∼ in T n as follows. For each
